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Error estimates for moving least square
approximations

Carlos Zuppa

Abstract. Inthis paper we obtain error estimates for moving least square approxima-
tions for the function and its derivatives. We introduce, at every point of the domain,
condition numbers of the star of nodes in the normal equation, which are practically
computable and are closely related to the approximating power of the method.
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1 Introduction

The scattered data fitting problem is encountered frequently in a wide variety
of scientific disciplines and has dealt with extensively in the literature. It has
been recognized al so that such kinds of interpolation could be used in numerical
method for PDE for along time, but the overwhelming success of de FE method
has relegated this approach. Recently, the rediscovery of meshless technology
has been brought again into the spots the problem of interpolation of datain a
set of computational nodes * sprinkled ’ through the domain [1, 3, 11].

Themoving least square (ML S) as approximation method has been introduced
by Shepard [12] in the lowest order case and generalized to higher degree by
Lancaster and Salkauskas [7]. The use of ML S in solving PDES was pioneered
by the works of B. Nayroles, T. Belytschko and others[1, 9, 10, 11].

For thiskind of applicationsit is fundamental to analyze the order of approx-
imation, not only for the function itself, but also for its derivatives. In [5] M.
Armentano and R. Duran have obtained error estimates in the one dimensional
case. Also, D. Levin [8] has analyzed the MLS method for a particular weight
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function obtaining error estimates in the uniform norm for the approximation of
aregular function in higher dimensions.

The main object of thiswork isto prove error estimates for the approximation
of the function and the first and second order derivatives.

We use compact supported weight functionsthat form a Partition of Unity asis
usually doneintheapplicationin solving PDEs. At every pointinthedomain, the
MLS method use a set of nearby nodes (the star of the point) for approximating
data with a polynomial in a weighted square sense. In order to obtain a good
approximation, thestars haveto satisfy certain geometrical criteria. Wedefinein
thiswork practically computable condition numbers of stars which are strongly
related to the error estimates. Our proof is based in elementary properties of the
normal equation.

The paper is organized as follows. First, in Section 2 some preliminaries are
exposed. In Section 3 the MLS method is presented. In Section 4 the local
normal equation appearing in the ML S method isanalyzed in adlightly different
way and the conditions numbers of stars are introduced. Section 5 deals with
the error estimates. Finally, in Section 6 we use the error estimates to prove an
error estimate in Galerkin coercive problems.

2 Preliminaries

In the n-dimensional space R” let ||. || denote the Euclidean norm and B, (y)
denote the open ball {x € R" : ||x —y|| < r } with center y and radius r. We
use standard multi-index notation. In particular, given any multi-index v =
(v1, ..., vy) € N, |v| denote the sum v1 + ... + v, and, if f isasufficiently
smooth function, D" f denote the partial derivative

vl

dx*...0x,"

f.
On low order derivatives, we shall aso write

_i

- ’
Bx,-

. N 92
D'f D f = f, etc.
ax,-axj

Let 2 be an open bounded domainin R" and Q, denote an arbitrarily chosen
set of N points x,, € S referred to as nodes:

On = {X1, X2, ..., XN}, Xo € Q2
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ERROR ESTIMATES FOR MOVING LEAST SQUARE APPROXIMATIONS 233

Let 7y := {w,}2_, denote afinite open covering of Q consisting of N clouds
w, Such that x, € w, and w, is"centered” around x,, in some way, and

N
Qc | ey
a=1

We define the radius d,, of w, 8s Maxyecyw, {|1X — Xa|l}-
A classof functions Sy := {Wa}fy":l iscalled apartition of unity subordinated
to the open covering 7y if it possesses the following properties:

« W, e C5§[R"), s>00rs=+00
* supp(We) € @

* W, (X) >0, x € w,y

« YN W,(x) =1, forevery x € Q.

Thereisno uniqueway to build apartition of unity asdefined above. A widely
used approach in practiceis the following:

Foreacha =1, ..., N, w, isanopen ball B,, (x,) suchthat 1isverified. Let
¢ : R" - R aC*—function such that ¢(x) > 0 if x e B1(0) and supp(¢) =
B1(0). Fora = 1, ..., N, let define afunction ¢, by formula

) — X — Xy
%()—w( d )

¢ (X)
Y (X

From now onweshal | assumethat the compact domain 2 satisfiesthecondition
of regularity:

and ‘W, by

Wot (X) =

(R1) There exists anumber y > 1 such that any two points x, y in € can be
joined by arectifiable curve I" in Q with length [T'| < y||X — ||

Following H. Whitney [13], afunction f : Q — R issaidto beof class C? in
Q if and only if functions D* f (x) and Ry (X; Y) (|k| < ¢) exist in Q such that
Taylor's formula holds:

1 _
DEfe) = 3, SDFNX =Y’ +Rxy), xyeQ (9

Is|<q—Ik] ="
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The remainder terms Ry (X; y) shall have the following property: given any
pointz e Qande > 0, thereisas > 0 such that

|Re ()| < gllx —y[1971, @
forevery xyeQ, |x—1z| <8,]ly—2z| <8
(2) and (3) imply that f is continuous in Q and f has continuous partial
derivatives up to order ¢ in Q satisfying
Ik|

DFf(x) = fX), lkl<g,xeQ

dxs..oxy

A function f issaid of class C%1in Q if and only if f isof classC? in Q and
the partial derivatives DX f of f of order ¢ (|k| = ¢) are Lipschitz continuous
in Q. The semi-norm | . |, 1 is defined as

|D* £ (x1) — D* f (x2)|
[IX1 — Xz

|f|q,1=SUp{ D X1, X2 € Q, X1 # Xo, |k|=61}

The following important estimates of the remainder terms R, are obtained in
[13]:
Lemma 1. Let Q satisfy (R1) and let f be of class C%! in Q. Then, for every
X,y eQ
[ReOG V| < ey ™ X = yl197E £ )

where ¢, = (s >0)orcg=1.

1)'

3 Themoving least square method

leen datavaluesf = ( fa)f;’ ; a nodes x,,, the MLS method produces afunction
f e C*(R") that interpolate dataf in aweighted square sense. Let P, the space
of polynomial of degreeq, g < N andg < s, andlet B, = {po, p1, ..., pm} bE
any basis of P,. For each z € Q (fixed) we consider

P*(z,X) = Z a;j(2) pj(x)

0<j<m

are chosen such that

0<j=<m

2
N
Jz,:@) =) Wa (@ ( > aipi(k) fa) (5)
a=1

0<j<m

where {a;(2)}
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isminimized. Then, we define the approximation fin z by
f@ =Pz2)

Observe that the polynomia P*(z, x) can be obtained by solving the normal
equations for the minimization problem. In fact, if we denote

po(X1)  po(X2) -+ po(Xn)
p1(X) piX2) -+ pi(Xn)
F(B‘f) = : : .. : K

Pm (Xl) Pm (XZ) et Pm (XN)
Wi(z) O ... 0
0 Woz) --- O

W@ =|. : T
0 0 e Wh@)

then, a = (ap(2), ..., a,(2)) isthe solution of the following system:
F(B)W@F"(B)a=F(B)W(2)f (6)

In order to have the moving least square approximation well defined we need
that the minimization problem has a unique solution at every z €Q and this
is equivalent to the non-singularity of matrix F(B,)W(z)F'(B,). Our error
estimates are obtai ned with the following assumption about the system of nodes
and weight functions {Q y, Sy} :

Property R,: for any z €Q, the normal matrix F(B,)W(2)F'(B,) isnonsin-
gular.

Definition 2. If #P, = m, a set of nodes {x; € R" : j = 1,..m} is called
P,—unisolvent if the Vandermondian

po(X1) po(X2) -+ po(Xp)

p1(X1) pi(X2) - p1(Xp)
F(By) = : : .. :

DPm (X1) Pm X2) - Pm (Xm)

is non singular.

Itisclear that this property does not depends on the basis B,,.

If {X;};j=1..m is P;—unisolvent, we can choose abasis B, = {qo, q1, ---, m)
of Tq such that qi (Xj) = 81"./'.
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Definition 3. Given z €Q, the set ST (2) := {o| W, (2) # 0} will be called the
star at z.

The next theorem, proved in [14], give us necessary and sufficient conditions
for the satisfaction of property R, in astable way.

Theorem 4. A necessary condition for the satisfaction of Property R, is that
foranyz eQ

#ST (2) = #P; =m
If in addition to the above condition the set
{Xe |0tk € ST (2)}

contains a P, —unisolvent subset , then the above condition is also sufficient.

Thecaseq = 1 and n = 2 was proved aso in [4]. It should be remarked
that arelated issue was considered by W. Han and X. Meng [6] in the context of
approximations based also on partition of unity.

Let F := R" be the set of possible values f = (f,))_, of functions at the
nodes x,. With the assumption above, the MLS method provides an operator
A : F —C*(Q) defined by

Af)(2) = f(2), feT, zeQ

Thisisnot aninterpolation operator inthe sensethat, ingeneral, A (f)(Xy) # fu.
Givenafunction f € C?(Q), theassociated vectorin F isf = (f (X)) and
wewill write A(f) for A(f). The operator A islinear and ¢ — reproductive,
that is, A(P) = P when P isapolynomial of degreeq.
Property R, does not depend on the basis of P, and this property will play a
fundamental role in our work. Infact, if A, = {qo, 91, ..., gm} is another basis
of P, suchthat B, = GA,, G anon-singular matrix, then

Ja,:=1Js,:0G,  2€Q

and J 4, . has aunique minimum if and only if J_ . does.

Therefore, in analyzing the normal equation in aneighborhood of agiven point
z €92, we can choose a convenient basis at this point. For our work, this basis
will be the Taylor monomial centered at z :

T} ={(X = 2"ozpmi=q
The following results follows easily from the considerations above.
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Proposition 5. The system {Q y, Sy} satisfies Property R, if and only if the
matrix F (77 )W (z)FT (T4) is non singular at each z €Q.

Remark 6. If 1 < p < g, the satisfaction of Property R, implies the satis-
faction of Property R,,. Thiseasily proved fact will be useful later.

Assumption. Inwhat follows, we shall assumethat ¢ < 2. These casesarethe
most used in practice.

3.1 Thederivativesof A(f)

Givenf e F, for each ¢ e (fixed) we want to make explicit, following [7], the
formulas of the derivatives of A (f) at ¢ that will be useful in future calculations.

Inall what follow wewill usethebasis 7¢ = {(X=C)"}o<pyi<¢ Of P, q = 1, 2,
and, in order to simplify notation, we will drop any referenceto this basisin the
normal equation. Therefore, we have

AH) = Y a,()xX—0) (7

O<lnl=<q
where a = (a,(X))o<y <4 IS the solution of:
FWX)Fla=FWx)f (8

In order to calculate the values D" A(f)(c), 0 < || < ¢, itisuseful to use
the following notation:

« 0 eR" isthe multi-index (0, O, ..., 0).

e Fori =1, .., n, ¢isthemulti-index with |e| =1, = (0, ..., 1, ..., 0),
with 1in theith place.

e Fori =1, ..., n,g; isthemulti-indexwith|g;| = 2,e; = (O, ..., 2, ..., 0),
with 2intheith place, andfor j =i +1, ..., n, &; isthemulti-index with
leil=2,6; =(0,..1,..,1 ..0), with1intheith and jth places.

First at all,

A)(C) = ao(c) C)
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Then, fori =1, ..., n, we have
D% A(f)(c) = D" ap(C) + a, (C) (10)
while we can get D ag(c) from the solution &; = (D a,,(C))o<|y|<, Of
FW(©)F"(a)=F([D*W()) f-F'a) (1)

Our next god isto calculate the second order derivatives.
Fori=1,..,nandj =i +1,..,n, wehave

D% A(f)(c) = D" ap(c) + 2D" as (C) + asii (C) (12)
D" A(F)(©) = D" ao(c) + D" ae; (0) + D” as () + ay (©)
So, it remains to show how to get DVayc),i =1,.nandj = i,..n.
Applying operator D’ to both side of (11) one can easily get:
FWEF" (D" a)= F(D” W(c)) (f—F"a)
— F(D* We)FT (D a) (13)
— F(D” W(c)FT (D" a)

We have now all machinery needed to calculate the derivatives up to order 2
of A(f) atc.

3.2 The Star of nodesat apoint c € Q

As it is well know, in working with the normal equation (8) and all related
equations, one can consider only those nodes X, or indexesa such that W, (c) #
0, that is, the star ST (c). If ST (C) = {ay, ..., ax}, matrices F, W and f can be
considered as

PO(Xal) pO(Xaz) ce PO(Xak)
| X)) palkep) e pi(Xe)
Pm (Xocl) Pm (Xaz) c Dm (onk)

W, (©) O 0

0 Woy(© - 0

W= . . t. .
b 0 cee Wak (©)
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ERROR ESTIMATES FOR MOVING LEAST SQUARE APPROXIMATIONS 239

f= (fal, fa2’ teey fak)

and so on. Also in calculating derivatives up to order 2 of A (f) at ¢ we can use
this setting, as we have shown in above.

The mesh size of the star S7°(c) is defined by the number 2(ST (c)) :=
max{dy,, ..., da, }-

4 The condition numbers of the star S7 (c)

Inall of thissection ¢ eQ isafixed point and S7 (c) isthestar at c. In order to
gain clearness, we shall drop subscript o from the weight functions and nodes
in the star. Then, fori = 1,...,k, ' W; means W,,, X; means X,,, x; ; is the
jth coordinate of x,,, etc. It will be also useful to introduce alinear change of
coordinates by the formulay = x — c. We set also & = h(S7T (c)).

Wenow record thefundamental result which lead directly to theerror estimates
described in the next Section.

Theorem 7. There exist numbers CN, (ST (c)), s = 1, ...q, which are com-
putable measures of the quality of the star S7 (c), and constants Cy, s = 1, ...q,
C; = C(n, k, CN1(ST (C)), ..., CN,(ST (c))), such that

laygl < Coh7"™ VI, 0<Inl<gq (14)
where V € R¥, and a = (a,) 1<, IS the solution of:
FWFla=FV (15)
Proof. Wewill consider only the caseg = 2.
We shall arrive at the proof of the theorem and the practical meaning of
C N, (ST (c)) in severa steps:
Step |
Let introduce the spherical coordinate system :

y1=rsSng,_18Nn6, ,---sinf,sSin6;
V2 = rsing,_19Nn6,_5---sinf, cosHy
y3=rSing,_1SN6,_,---Sinf3cosb,

Yu_1 =rSiNG,_1COSHO,_»
Y, = r C0SH,_1
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240 CARLOS ZUPPA

In this coordinate system, we writefor the pointy = x — cthesymbols (r, 6) .
We introduce also numbers p;, [ = 1, ..., k suchthat r; = ||y,|| = p; - h. Using
these symboals, it is clear that every element A;; of matrix A = FWFT can be
rewritten

Ajj = h" - a;j(p,0)

for some integer p;; that we will call the order of A;;. We do the same for
elements of matrix F

Fij =h""- fii(p,0)

Taking care of the order of elements, it is clear that we can partitioning A as
follows

1 hAp(p.6)  h?Awp.60)
A= hAn(0.0) 1?An(p.6) h*Ax(p.6) (16)

h? Azi(p,0) h*Az(p,0) h* Aszs(p,6)

where Appisal x n— matrix , Ajzisal x ("("—2*1)) —matrix and so on.
For matrix F , we get:
Fo
F=| nFp.0 (17
h? F>(p. 6)

where Fyisthel x k— matrix (1, 1, ..., 1), Fyisann x k—matrix, and F» isan
(’“”—2“)) x k—matrix.

Step 11

Our next goal isto proceed to the first steps of Gaussian eimination with the
standard pivot A11 in order to make the subdiagonal elements of thefirst column
equalsto 0. We left multiply A by the matrix

1 0 0
—A21 1
G, = .
: . 0
_Aul 0 1
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wherewe havedenoted u = 1+ n + (@) Of course, since we are dealing

with equation (15), we must make also the multiplication G F. Then, system
(15) istransformed in

Aa=FV (18)

where A = GiFWFT and F = G4F.
The central point to be remarked about this multiplication and subsequent
matrix multiplications is that this process does not change orders of elements.
After the multiplication above, system (15) can be written

1 hAp, h?Ag =) Fo
0 h? Zzz h® Z23 a1 = h fl 1% (19)
0 n Zgg h* Zgg ay h? fz

where, for the sake of simplicity, we have eliminated in notations the dependence
on (p, 9).

Since matrix A, must be non singular, we can left multiplies the last equality
by matrix

1 0 O
Li=10 Zz_zl 0
0O 0 1I
getting
1 h le h2 Zlg dg fo
0 W21 W(Apdm || & |=| n@zFy |V (@)
0 h3 A32 h4 A33 az /’l2 Fo

Our next goal is to make the matrix #13A3 equal to the zero matrix by a
Gaussian reduction process, that is, we left multiply both sides of equation by
the matrix

1 0 0
L,=10 I 0
0 —hAsp I
and the system can be wrtten now
1 h le hz Z13 ag fO
—1— — 11—
0 K1 h3(Ay Az) a | =| h(AxFy Vv (21)
0 0 h* Az & h?(F, — Z32Z2721f1)
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where
~ — - 11—
Azz = Agzz — AzpA,, Az
and A isnon singular.
Solving (21), we get
a = h—2 Zg3l(f2 — Zgzzgzlfl)v = h*ZFZV
ap=ht (Zgzlfl - (2521 Ag) ﬁz) =h 'RV (22)
& = (Fo —ApF — Z13F2) V =FV
Moreover, using the fact that members of the original matrix have al the form

k
> Wigu(p,0)

i=1
with | g, (p, 8)] < 1, one can arrive soon to the conclusion that there exist a
constant K = K (n, k) such that

max{[[ Azl [[ A3l [ Azl [[Foll, [ Fall, [[F2ll} < K

We can understand immediately the relevance of the condition numbers of the
non singular matrices A.»(p, #) and Ass(p, 6).
If we define the numbers C N, (ST (¢)), s = 1, ...q, by formulas:

CN1(ST (©) := ||(Az(p, )1
CN2(ST (©)) = ||(Azs(p, O) 7]
The proof of the theorem follows by applying al our estimatesin (22). O
Several interesting question related to C N, (ST (¢)) are:

1. Inpractical calculation, wedid not need to introduce spherical coordinates
asin Step |. For amatrix element A;; of order p, we have

Aij =h"-a;j(p,0)

but thistermis clearly equal to

W (Aij(Y)>
WP
Ajj

i.e,aq(p,0) = (#) . Similarly for matrix F. Having doing the ap-

propriate division on matrices FW FT and F, we can process directly at
Step 11.
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2. CNy(ST (c)) depend only on (p, #). Then, they are invariant by trans-

formationsx — A(X —C€) + ¢, A € R. That is, CN,(S7T (c)) are really
measures of thegeometrical quality of thestar, independently of hiswidth.
We will pursue this interesting point in a forthcoming paper.

3. Asitisnaturally expected, ingeneral (A2)~* hasamorewel| behavior than

(Asm) L. In very unstructured or unsymmetrical star, the condition number
of As; can be very large. For example, in dimension two and triangular
structured meshes like that used in Finite Element, C N,(S7 (c)) are very
stable at interior points. | have obtain a mean value of

cond(Ap) = 1.28
cond(X33) =432

with uniform meshsize equal t0 0.2, 0.1, 0.05. But it isat boundary points,
as expected, where cond (As3) can be very high, even when matrix A is
non-singular and additional precautions must be taken. We shall pursue
this geometrical question in a work in progress. However, in meshless
methods using moving least square, ¢ = 1 is used and in this case the

behaviour is stable.

5 Error estimatesfor MLS

Our next goal is to apply theorem 7, joined to the results of Subsection 3.1, in
order to obtain estimates of D" A(f)(c), 0 < |n| < g andf €F. Aswe have
remarked before, only data (f3, ..., fx) @ nodes of the star participate in this

caculations.

Proposition 8. Let G, > 0 a constant such that
|ID"W;(c)| < %, i=1..,kand1<|n| <gq
and letdataf = (f, ..., fx) be written as
f =hnitlg.
Then, there exist constants 5q, g=1lor2,
Cy = Ca(n, k, C,, CN1(ST (0))),
Cy = Ca(n, k,Cy, Cy, CN1(ST (C)), CN2(ST (©)))
such that
ID"A®F)(©)] < Cg hT 1 |g]], O<hl=gq
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Proof. The proof of thisresult consistsin aiterative application of theorem 7
over formulas (9), (10), (11), (12), (13).

Case |n| = Oiseasy. Infact, A(f)(c) = ag where ag is the first coordinate
of the solution of the system FW FTa = FW (h?*1g). Written V = W (h?+1g)
and applying theorem 3, we get

la,| < C,hIT 1| g]| (23)

We shall prove now the case || = 1.
Calculations in Subsection 3.1 show that, fori = 1, ..., n, we have

D% A(f)(c) = D" ao(C) + a, (C)
By (23), it follows that
lag (©)] < C,h? |19l

while we can get D% ap(c) from the first coordinate of the solution a; =
(D" ay(©))oxii=q Of system

FW(E)FT(a)=F(D%W()) f—FTa)

Written now V = (D% W(c)) (f—FTa), theorem 7 implies that we only need
an estimate of the form

[IVII < Dy h?1 9]l
The coordinates of vector FTa are:

(Fla)y = ) ay(©)(% —0)”

0<Inl=q

so that, by 23, we have

(FTay, | < Y (CamMigll) (W) < D(n, C) ho*H | gl

0<Inl=q

Now, we obtain
VI < [I(DEW ()| - || F—FTa)|| < II(De"W(C))II5(n,Cq)h"+1||g||

On the other hand, the norm of the diagonal matrix (D&% W (c)) can be estimate
by the maximum of the absolute values of the diagonal, that is

(DWW (e)Il < K [nlan{IDe"WY(C)I} <KG,h™*
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Finally, we get
IIVI| < KG, h™*D(n, C,) k4" || gl| = D,h?| 9|

Case |n| = 2 requires more lengthy calculations and considerable stamina,
but follows easily aong the similar lines. O

Now, we are ready to establish our main local error estimate:
Given f € C?1(Q) andc € Q, wewill concernwith the problem of estimating

|D" f(©)—=D" A(f)(C), O<hnl=gq (24)
Writing
FX) = P (X) + Ro(c; X)
where P¢ isthe g-order Taylor polynomial of f at c. By lemma 1 we have

|Ro(C; X)| < cv?lIX =l £ lgn (25)

Since MLS procedure is g-reproductive and it is alinear operator of data, we
can write

A(f) = P{ + A(Ro)
The n—derivative of A(f) at cisthen
D" A(f)(c) = D"P{(c) + D" A(Ro)(C)
and, because D" Pd(c) = D" f(c), we have
D" A(f)(c) — D" f(c) = D" A(Ro)(c) O<nl=gq
On the other hand, estimate (25) implies that, we have the estimate
|(Ro)i| = [Ro(C: )| < ¢qy?IIx — Cll™™ f g1 < cqv? TR(ST @I f 14

over thestar S7(c) = {Xq, ..., X¢}. Then, we can write

Ro = [A(ST (c))"** - f

with [|f[| <c,¥?] f |4,1. Ourlocal fundamental resultsasanimmediate corollary
of Proposition 8.
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Theorem 9. Given ¢ € Q and a constant G, > 0 such that
G, .
ID"Wi©| < o i =1 .. kandl<nl <gq

there exist constants C,, g = 1or 2,

C1= Ci(cq, v, n,k,Cy, CN1(ST (0))),
Cy = Ca(cy, v,n,k,Cq, Cy, CN1(ST (C)), CN2(ST (€)))

such that, for each f € C9(Q)
|D"f(©)—D"A(f)(©)| < Cy [W(ST NI fl,1,  0<Inl<gq

Thistheorem make emphasisin thelocal character of the ML S approximation.
Of course, if we make global assumptions about parameters, one can easily get
global error estimates along the same lines of the local theorem.

Assumption G.  We impose the following conditions:
There exist

(HO) An upper bound of the overlap of clouds:

M = sup #{ST (c)}

ceQ
(H1) Upper bounds of the condition number:

CB, = SUp(CN,(ST ()}, g=1.2

ceQ
(H2) An upper bound of the meshsize of stars:

d = sup{h(ST (c)}

ceQ

(H3) Anuniform bound of the derivatives of { W, }. That is, aconstant G, > 0,
g = 1,2, such that

G
ID"Welli = 578 1=nl=gq

Assuming all these conditions, we can prove:
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Theorem 10. There exist constants C,, ¢ = 1 or 2,

Cl = C]_(Cq, y,n, M’ Gl, CB].)’
C2 = CZ(C({’ y,n, M7 CZ, CBla CBZ)

such that, for each f € C71(Q)
D" f=D" A(f)||1oi@) < Cqd?™ M| £ 41, 0<Inl<g¢q

This situation arises in considering uniform system {Q y, Sy}. However, as
we have remarked before, the number C N,(S7 (c)) can be very high near the
boundary points. This drawback can degrade appreciatively the global error
estimatewhen g = 2.

6 Error estimatesin Galerkin approximations

Our goal inthisSectionisto present asimpleexampl eof obtaining error estimates
in Galerkin approximations using ML S. We shall follows [5].

Let {Qn, Sy} beasystem where Property R, holds. Then, the ML S approx-
imation is alinear operator

A:F — C(Q)
Let {E,}Y_, thenatural basisof F , thatis, £, := (O, ..., 1., 0, ..., 0) with 1in

a=1

the «-node. Defining functions ¢, := A(E,), « =1, ..., N, itisnot difficult to
seethat {¢,}Y_, itisaso apartition of unity and

N
AM) =) fuga VEET

a=1
Given the following variational problem: findu € V ¢ H() such that
B(u,v) = L(v) YveV,

where B isabilinear, continuous and coerciveon V and L isalinear continuous
operator, we can use the MLS method to define Galerkin approximation in the
following way [1, 11]:

Assumingthat ¢, € V, @« = 1,..., N, let V;, = span{ga, ..., on}. Therefore
we can define the Galerkin approximation u € V, of thereal solution u as

N

U0 =Y tha@u(X)

a=1
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whereuq, ..., uy isthe solution of the following system

N

Y B@app)up=Lga), 1<a<N
B=1

If u e C*1(Q) and assumption G above holds, then from Céa’'s lemma [2]
and Theorem 10 we have the following error estimate;

~ K . K
llu —ully = —=minflu —vlly = —[lu = AWl = Cd¥lulg
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